A two-wheel suitcase or trolley can exhibit undamped rocking oscillations from one wheel to the other when pulled fast enough. We study this instability both experimentally-with a toy model of a suitcase rolling on a treadmill-and theoretically. The suitcase oscillates only if a finite perturbation is applied. This is because intrinsic dissipation occurs when the supporting wheel switches. When unstable, the suitcase either increasingly rocks until overturning or reaches a stable limit cycle. The friction force at the rolling wheels constrains wheels to roll without slipping. This constraint imposes a coupling between the translational motion and the three-dimensional rotational motion of the suitcase that drives the rocking instability. The same behaviours are observed in the experiments and in the simulations. The asymptotic scaling laws we observe in the simulations are explained by means of a simplified model where the coupling force is explicit.
Introduction
Many people have experienced that a rolling two-wheel trolley or suitcase can turn unstable when pulled too fast. The unwanted motion is generally triggered by an obstacle on the ground or by a sudden change of direction. Then, the suitcase undergoes rocking oscillations from one wheel to the other while rolling, which may amplify until the suitcase overturns. This phenomenon has motivated theoretical studies in the past, but the pulled oscillating suitcase was considered either as a simple dissipation-free nonlinear pendulum [1] 1 or as a forced nonlinear pendulum [2] . In the latter, the walker imposes a periodic moment at the suitcase handle and, for a range of forcing frequencies, the suitcase overturns. In these studies, the suitcase has a unique degree of freedom, which prevents the suitcase being intrinsically unstable. Indeed, the rich dynamics of a pulled suitcase genuinely rests on the coupling between the translational and the rotational motions. A solid body may encounter such a mechanical coupling because of forces it experiences at contact points with other bodies [3, 4] . These forces either constrain the positions (holonomic constraint) or impose a relationship between positions and velocities (non-holonomic constraint). While holonomic constraints are stringent in the sense that they eliminate degrees of freedom, non-holonomic constraints give more freedom. The flexibility of motion allowed by a non-holonomic constraint sometimes leads to parasitic motions. Regenerative machine-tool chattering [5] or the wheel shimmy phenomenon are known examples. The rocking suitcase is another one.
Here, we report experimental and theoretical evidence that the rocking oscillations of a pulled suitcase are caused by an instability. This instability results from the coupling, driven by the translational motion, between its tilting and shifting motions. Lifting a wheel forces the rolling suitcase to shift sideways. This coupling follows that wheels roll without slipping and that the tilt rotation axis of the suitcase, going from the handling point to a rolling wheel, is not perpendicular to the rotation axis of the wheel. A perturbation leads to rocking amplitudes that damp or increase with time. When unstable, the suitcase eventually overturns or reaches a stable limit cycle of steady oscillations. The instability is observed for a range of geometric parameters and only beyond a critical pulling velocity. A finite perturbation is always needed to observe a rocking motion whatever the value of geometric parameters or pulling velocity. Indeed, some energy is inevitably dissipated during a rocking impact, when the supporting wheel permutes, whereas the input of energy tends to zero for vanishing rocking amplitudes.
Experiments are performed with a small-scale model of a suitcase rolling on a treadmill ( §2). We investigate how the motion depends on the geometry of the suitcase and on the pulling velocity to draw the bifurcation diagrams ( §2c). It appears to be all the more easy to destabilize the suitcase when the pulling velocity increases but the rocking amplitude of steady oscillations decreases when the pulling velocity increases. In §3, we derive a three-dimensional model in which the wheels are constrained to roll without slipping and the intrinsic dissipation at the rocking impact is formally introduced via conservation laws ( §3a). The model succeeds to reproduce the instability, and we study how the pulling velocity affects the motion ( §3b). In particular, we show that further ad hoc dissipation is required to recover the bifurcation diagram of the experiments ( §3b(ii)). We analyse this morphing of the bifurcation diagram by examining the energy balance over a rocking period ( §3b(iii)). Finally, in §4, we build a simplified phenomenological toy model where the coupling force is explicit and where the nonlinearities are reduced to the rocking impact ( §4a). This model allows to separate the underlying physical mechanisms to understand the possibility of stable limit cycles and to derive the observed scaling laws ( §4c).
Experiments (a) Experimental set-up
Experiments have been performed with a toy model of a suitcase rolling on the belt of a treadmill as shown in figure 1 . The velocity V of the treadmill can be varied from 1 to 16 km h −1 by steps of 0.1 km h −1 . The suitcase is reduced to an aluminium square bar of 1 cm, at the bottom of which stands the axis of rotation of the two wheels made with an identical bar. Wheels are ball bearings encircled with a piece of silicon tube, which provides a good adherence. Wheels are 6 mm wide, and their total radius measures r = 11.5 mm. Outer sides of wheels are l = 60 mm apart. The upper end of the suitcase is hinged to a heavy fixed frame with a universal joint (U-joint, hereafter) around which the suitcase is free to rotate in any direction. The height of this fixed point sets the inclination angle α of the suitcase at rest, i.e. the angle between the suitcase central axis and the vertical when both wheels are in contact with the belt. The distance from the U-joint to the wheels' rotation axis is L = 230 mm. The suitcase is loaded with two identical brass cylinders (15 mm wide and 30 mm diameter) of mass M = 82.5 g, which symmetrically stand on each side of the suitcase frame. The loading 2M = 165 g is larger than the weight of the unloaded suitcase which is 130 g. The axis between the two masses is parallel to the axis of the wheels, such that the whole suitcase geometry stands in a plane. We denote by H the distance from the U-joint to the mass axis and by h the distance between the centres of the two masses. h can be modified by sliding the brass cylinders along the mass axis, which is an aluminium rod 250 mm in length and 8 mm in diameter. H can also be modified to four discrete values. For all reported experiments, the geometry of the suitcase is kept symmetrical. We have noted that symmetry defects of the design directly affect the symmetry of the suitcase motion. We set the tension of the belt of the treadmill to a minimum and loaded the treadmill and the suitcase holding frame with heavy weights in order to reduce vibrations that also affect quantitatively the suitcase dynamics. While the suitcase moves in a three-dimensional space, we capture its motion in the (y, z) plane, perpendicular to the direction of the belt translation (figure 1a), with a camera. In practice, the shutter time and exposure of the camera are set to a minimum to track the position of two white LEDs, which symmetrically stand 4 cm apart on the wheel axis. From the position of LEDs, we extract the rocking angle η between the wheel axis and the horizontal in a vertical plane. η is calculated from the difference in height z LED and the distance l LED between LEDs: η = arcsin( z LED /l LED ). The static suitcase overturns when the wheel and mass axes pass a vertical plane. The corresponding maximum value η M is such that belt velocity vector and the vector pointing from the U-joint to the wheel in contact with the belt (figure 1b). The dynamics of the suitcase is fully described by η,η, ν andν.
(b) General behaviour
Once the treadmill is turned on, the wheels roll and the suitcase moves to a fixed position (y = 0, figure 1a) , where the projection of L-axis on the belt plane (x, y) is aligned with the belt velocity (x-direction). This position is observed to be stable whatever the values of parameters (V, α, H or h) as long as the suitcase is pulled. We define it as the rest position. When manually lifting one wheel of the suitcase with the other rolling on the moving belt, the suitcase rotates in the horizontal plane in the direction of the lifted wheel (figure 2; electronic supplementary material, movies). This coupling is imposed by the condition of rolling without slipping, which requires that the rotation axis of the supporting wheel (i.e. the wheel rolling on the belt) remains orthogonal to its velocity direction in the frame of the moving belt. If one releases the suitcase from this perturbed position, the suitcase rocks, i.e. it switches from one supporting wheel to the other in a Dutch roll oscillation as shown in figure 3 . Movies of the suitcase dynamics are available in the electronic supplementary material. Depending on the values of parameters and on the amplitude of the perturbation, the rocking amplitude either decays to zero, grows or decreases to a stationary non-zero value (stable limit cycle) or grows until the suitcase overturns. Such a behaviour is the signature of a subcritical instability. Note that when we replace wheels for caster wheels which are free to reorientate, we do not observe the instability anymore. The dynamical coupling imposed by the constrained wheels clearly generates the instability. Figure 4 displays the position of LEDs as a function of time for a periodic rocking motion of the suitcase. It shows several characteristics of the suitcase rocking motion. The motion is symmetric with respect to the rest position, i.e. to the vertical plane y = 0. This plane of symmetry is defined by the U-joint fixed point and the gravity and belt velocity vectors. There is always at least one wheel in contact with the belt. The two wheels are simultaneously in contact with the belt twice per period, when the supporting wheel switches. This is the rocking rebound. Rocking rebounds take place on the belt side (positive or negative y) of the impacting wheel. When a wheel lifts up (z increases), the suitcase moves in the y direction of the rising wheel. Because of inertia y-and 
(c) Parametric study
We choose the angle η as the order parameter. The rocking motion of the suitcase corresponds to an oscillation of η. η is positive (respectively, negative) when the right (respectively, left) wheel is in the air. The rest position with the two wheels rolling on the belt is always stable. One has to perturb the suitcase to observe a rocking motion. In everyday life, the perturbation may be caused by an obstacle on the way of the suitcase, which imposes initial values for the angle η and the angular velocityη. In the experiments, we lift one wheel and let the suitcase freely shift sideways to the position that satisfies the non-slipping condition. Then, we drop the suitcase from this position without initial velocity and observe a rocking motion whose amplitude decreases or grows with time depending on the amplitude of the perturbation as shown in figure 5 . Such an initial condition does not belong to a 'natural' cycle of motion, and it may take a few periods for the suitcase to show a monotonic behaviour, e.g. the rocking amplitude may decrease for a few periods before definitely increase. Thus, we define the amplitude of the perturbation η i as the rocking amplitude η 0 at the beginning of the monotonic behaviour, or at least after the first rocking rebound (figure 5). For the same reason, this initial condition does not allow fully exploring the phase space and the maximum achievable η i is about 40 • . When η i is larger (respectively, smaller) than a critical value η t , the rocking amplitude increases (respectively, decreases and vanishes) with time. η t is the amplitude threshold to observe the instability.
For each parameter except masses that we can vary, i.e. the lengths H and h, the angle α and the belt velocity V, we study the suitcase behaviour when changing one control parameter at a time. Associated to these parameters, one can define dimensionless parameters. We choose half the distance between wheels l/2 as the characteristic length and [l/(2 g)] 1/2 as the characteristic time, where g is the gravitational acceleration. Thus, the main dimensionless geometric control parameters of the suitcase are • . It is experimentally possible to travel along the branch of steady oscillations by gradually trimming the belt velocity. This is how we have assessed the onset value of V (V 3.3 ± 0.1 km h −1 , Fr 1.69 ± 0.05). When V is smaller than this critical value, any perturbation is damped. The branch of steady oscillations (stable limit cycles) is attractive. The branch of the amplitudes at the perturbation threshold (unstable limit cycles) is repulsive. Error bars for η s correspond to the standard deviation. The value of η t and the associated error are determined as follows. For each experiment, we ascribe the state value of 1 when the perturbation value η i leads to growing oscillations and −1 in the opposite case. Then, we fit the data of state values versus η i with an error function whose offset is taken to be η t and the characteristic width the associated error. (Online version in colour.)
The dynamical dimensionless number compares the belt (pulling) velocity to a characteristic velocity of free fall. It reads as a Froude number
Experimentally, we vary (i) Fr, (ii) α, (iii) N h and (iv) N H . While N H and N h are representative of the suitcase or trolley design, a walker pulling a suitcase can control α and Fr.
(i) Figure 6 shows the bifurcation diagram as a function of the belt velocity and the Froude number. One notices that the suitcase has to be pulled fast enough in order to observe the instability. perturbed above a critical value η t . The rocking amplitude amplifies with time and eventually saturates to a limit stationary value η s . The system is subcritical, and the bifurcation is naturally a saddle-node. We have not observed any supercritical onset. Whatever the Froude number, the threshold η t to observe the instability remains finite. If the initial perturbation is larger than η s but smaller than the overturning limit η M , the amplitude decreases with time to η s . The branch of steady oscillations is attractive. The basin of attraction increases in size when the Froude number increases because η t decreases with the Froude number. Above the Froude onset, the amplitude of steady oscillations η s first increases with the Froude number but reaches a maximum shortly after the bifurcation then decreases when Fr increases. For large Froude numbers, both η s and η t decrease when Fr increases, and there is no experimental indication that the branches of stable (η s ) and unstable (η t ) limit cycles may join back at a large Froude number. The frequency f s of steady oscillations increases with the Froude number. Note that the product (η s f s ) also decreases when Fr increases, so that the instability shows a maximum with Fr when considering the amplitude of oscillations or the energy of the suitcase (in the laboratory frame of reference where the U-joint is fixed).
(ii) Figure 7 shows the bifurcation diagram as a function of the inclination angle α of the suitcase. When α is larger than a threshold value, the suitcase is always stable. This is consistent with the fact that increasing α lowers the centre of mass and diminishes the coupling between the rocking angle η and the shifting angle ν that brings the energy in the system. After the saddle-node bifurcation point, η t decreases and η s increases when α decreases. The rocking frequency of steady oscillations increases when α increases (and amplitude decreases). When α is smaller than a critical value, we do not observe steady oscillations anymore. Then, the destabilized suitcase rocks with amplitudes increasing with time until it overturns. (iii) Figure 8a shows the bifurcation diagram as a function of the distance h between masses and the corresponding dimensionless parameter N h = h/l. When N h is smaller than an onset value, the suitcase is stable and any initial perturbation is damped. When the suitcase rocks from one supporting wheel to another, it loses some energy through the impact and we shall see that the 'restitution' coefficient decreases when N h decreases. 
• , V = 12 km h −1 (Fr 6.14). For H ≤ 45 mm, i.e. N H ≤ 1.5, any perturbation is damped. Note that H can only take discrete values in our set-up. The onset value of H is between 4.5 and 8.5 cm. For H = 16.5 cm, we cannot measure the amplitude of steady oscillations because masses rapidly knock on the belt when the suitcase starts to rock. (Online version in colour.) above η t . For larger N h , stable limit cycles are observed. η s and η t decrease when N h increases. Here, we do not observe the saddle-node bifurcation point that seemingly takes place for a value of η 0 larger than the overturning limit η M . (iv) Finally, figure 8b shows the bifurcation diagram as a function of H, the position of masses along the central frame and the corresponding dimensionless parameter N H = 2H/l. When H = 0, the axis of masses is located at the U-joint point O and it moves towards the wheel axis and the ground as H increases. When the centre of mass is close to the Ujoint, the system is stable. When N H increases above a critical value, the suitcase becomes unstable. The saddle-node bifurcation can only be guessed with the resolution in N H in the experiments. The stable limit cycles cannot be observed for large values of N H because the masses hit the belt. Nevertheless, the branches of unstable and stable limit cycles could converge to each other and possibly join back in a second saddle-node bifurcation as N H increases and the centre of mass comes closer to the wheel axis. Indeed, we shall see that the dissipation at the rocking impact increases with N H .
The rocking motion of the rolling suitcase appears to be a subcritical instability over the entire explored range of the control parameters. Perturbations are systematically damped and the instability is not observed if the pulling velocity is slow enough, the inclination angle with the vertical large enough or when the masses are close enough to the central axis, the handling point or the wheels. When the suitcase is unstable, the instability either grows until the suitcase overturns or saturates. These stable limit cycles are not commonly experienced in everyday life. That may be because one's natural reaction is to prevent the instability.
In the next section, we derive a theoretical model that takes into account the crucial coupling between the translation and the rotation motions together with the essential intrinsic mechanism of dissipation at the rocking rebound. 
Theory (a) Model (i) System description
For simplicity, the suitcase is reduced to a massless rigid frame as sketched in figure 1a. The radius of wheels is set to zero, and the suitcase is loaded with two identical point-masses M. The centre of mass lies on the body frame, a distance H from the U-joint where the suitcase is freely hinged. The U-joint position O is the fixed origin of the reference frame R: (O, x, y, z) with unit vectors u x , u y and u z . In the reference frame R, the belt translates at a constant speed Vu x . In R, the rest positions of the two masses are
where + and − signs correspond to the mass on the right and to the mass on the left in figure 1a, respectively. The rest positions of the two wheels are
where + and − signs correspond to the wheel on the right and to the wheel on the left in figure 1a, respectively. In the reference frame R, the position of the suitcase is fully set by its orientation. The orientation of the suitcase is described by the three Tait-Bryan angles (φ, ψ, θ), which correspond to the consecutive intrinsic rotations around axes z (yaw), y (pitch) then x (roll). The rest position is (0, 0, 0), and the reference frame (O, x , y , z ) is attached to the moving suitcase. We have chosen Tait-Bryan angles instead of classic Euler angles (i.e. rotations around z − x − z ) because with Euler angles the rotation matrix happens to be singular when both wheels are on the ground, i.e. a gimbal lock occurs in the absence of rotation around x . The position of a given material point P of the suitcase r P (t) in R at time t is obtained by rotating its rest position r P,0 around O
where R is the rotation matrix such that
T 1 , T 2 and T 3 stand for the rotations around z by the yaw angle φ, around y by the pitch angle ψ and around x by the roll angle θ , respectively,
and In this coordinate system, the angle η between the wheel axis and the horizontal in a vertical plane (figure 1b) reads η = arcsin(cos ψ sin θ).
The angle ν between the belt velocity direction u x and the projection in the (xy) plane of the vector OW ± from the U-joint to the supporting wheel reads
When the suitcase is at rest (i.e. θ = φ = ψ = 0) η = 0 and ν ± = ν r± , with
Velocities in the reference frame R read
whereṘ is the time derivative of the rotation matrix:Ṙ = dR/dt. We also introduce the reference frame R b attached to the moving belt, i.e. where the 'ground' is fixed and the U-joint point O translates at a velocity −Vu x . The velocity of a material point P in R b simply reads v P − Vu x .
(ii) Constraints and dynamics
In addition to the gravity, the suitcase experiences reaction forces at the U-joint and at the contact point between the supporting wheel and the belt. There, the force can be decomposed into a ground normal reaction force and a friction force that constrains the wheel to roll without slipping.
The reaction force at the U-joint locks the position of the U-joint. It is fixed in the reference frame R and moving at the constant speed −V u x in R b . This constraint reduces the number of degrees of freedom. In the reference frame R, the position of the suitcase is thus described by three rotations about the U-joint.
Condition of non-penetration
The suitcase rolls on the belt which lies in the plane z = −L cos α. The wheel W + or W − remains on the belt if
where r W ± is given by equations (3.2) and (3.3) with P = W ± . Equation (3.12) can be put in the form
(3.14) Equation (3.13) does not depend on the yaw angle φ of rotation around z-axis since heights do not depend on φ. Like the reaction force at the U-joint, the above condition of non-penetration constrains the position. It is an holonomic constraint and, therefore, removes one more degree of freedom. The suitcase has thus two degrees of freedom. However, we keep the three variables (φ, ψ, θ) and take this constraint into account with a Lagrange multiplier, which turns out to be an easier approach for numerical simulations. 
Condition of rolling without slipping
Formally, the supporting wheel rolls without slipping if the velocity of the wheel point in contact with the ground (belt) is zero in the reference frame R b , where the ground is fixed. However, a massless wheel with a zero radius has no angular momentum and could equivalently be replaced by an idealized skating blade. Thus, the friction force is parallel to the projection of the wheel axis on the belt plane. It constrains the supporting wheel to roll without slipping so that the velocity of the wheel in R b is perpendicular to the rotation axis of the wheel. The unit vector u y (u y = Ru y ) is collinear to the rotation axis of wheels, and the unit vector u z is perpendicular to the belt plane on which the supporting wheel moves. Thus, the vector (u y × u z ) must be collinear to the velocity of the wheel in R b . The condition of rolling without slipping imposes
We only consider the z-component of this cross product because other components are already set to zero by the condition (3.12) of non-penetration that constrains the supporting wheel to move in the belt plane of constant z-value. The constraint equation (3.15) can be put in the form
and
Above equations involve the suitcase position (φ, ψ, θ) and also its velocity (φ,ψ,θ). The condition of rolling without slipping is thus a non-holonomic constraint. In the static case, i.e.φ =ψ =θ = 0, the condition of rolling without slipping boils down to B(φ, ψ, θ) = 0. The constraint becomes holonomic. As a consequence, another degree of freedom is removed whenever V is different from zero. Only one degree of freedom remains: setting one angle determines the two others as observed in the experiments when lifting one wheel (figure 2). The suitcase position does not depend on the value of V; the rolling without slipping constraint is fulfilled when the wheel axis is perpendicular to the translation velocity V. Figure 9 shows for the static case, i.e. B(φ, ψ, θ) = 0 (equation (3.17)), the coupling between the shifting angle ν and the rocking angle η for a suitcase geometry close to the experimental set-up. One sees that lifting one wheel makes the suitcase shift sideways in the direction of the lifted wheel. However, depending on the values of the inclination angle α and of the ratio l/L the shifting direction may change when increasing η beyond a critical value: the orthogonal projection of the lifted wheel on a horizontal plane may come closer (e.g. when α = π/2) instead of moving away (e.g. when α = 0) from the U-joint point O. Nevertheless, for typical parameters values, both shifting and rocking directions coincide when coupled by the constraint B(φ, ψ, θ ) = 0, i.e. dν/dη > 0 whatever the value of η.
(iii) Equations of motion
The kinetic energy T of the suitcase in the moving reference frame R b reads
where v M ± are the velocities of mass points M ± in R and are given by equations (3.11) and (3.1). The potential energy V reads Figure 9 . Shifting angle ν − ν r as a function of the rocking angle η in the static case when W − is the supporting wheel (ν r < 0), i.e. solution of equations (3.13) and (3.16) withθ =φ =ψ = 0 and V = 0, for L/l = 3 and α = π/3. ν r is the value of ν when the suitcase is in the rest position (equation (3.10)). The dashed line shows the first-order approximation:
the suitcase overturns. (Online version in colour.)
The potential energy only includes the gravity because other forces do not derive from a potential. The conditions of non-penetration into the ground and of rolling without slipping are introduced via Lagrange multipliers accordingly to the d'Alembert principle [6] . The motion of the suitcase is thus described with a set of five differential equations, which reads
where L is the Lagrangian (L = T − V) of the non-constrained suitcase, i.e. a suitcase freely hanging from the U-joint. λ P and λ R are two Lagrange multipliers. They are determined together with angular accelerationsφ,ψ andθ at each time step when solving the above system of equations.
(iv) Input of energy
The two constraint forces are implemented in the Lagrange-d'Alembert equations (3.20) using Lagrange multipliers [6, 7] . This requires that constraint forces do no work, which is true for both forces ensuring non-penetration and rolling without slipping in the reference frame R b . Both forces act on the contact point between the supporting wheel and the belt (ground) and are orthogonal to the wheel velocity in the reference frame R b . One could then wonder how energy is injected into the system. In the frame of reference R b , energy is injected at the moving U-joint position O, where work is done to keep the suitcase U-joint moving at the constant translation speed −Vu x . The holonomic constraint at the U-joint reduces the degrees of freedom to the three angles φ, ψ and θ and is not implemented using a Lagrange multiplier. Because of the translation speed of the U-joint, the kinetic energy (equation ( the outside world (i.e. with the carrier or the moving belt). The injected or extracted power is simply: dT /dt + dV/dt, where the kinetic T and potential energy V are given by equations (3.18) and (3.19).
(v) Rocking rebound
The motion of the suitcase is ruled by the + or − variant of equations (3.20) when the wheel W + or W − is in contact with the floor while the other one is in the air. The description of the rocking motion, from one wheel to the other, also requires to rule the rocking rebound, i.e. the switch of the supporting wheel when θ = ψ = 0. We observe in the experiments that there is always one wheel in contact with the belt. At the rocking impact, the suitcase does not bounce but the supporting wheel switches. Therefore, we assume that the impact is inelastic and the three angular velocities are modified. We also assume that forces which act on the suitcase at the rebound are impulsive so that the rebound is instantaneous and the suitcase spends no time with both wheels on the floor. Thus, a finite change of the velocity can occur at the rocking rebound while the position does not change. Then one needs three independent equations to relate the three angular velocities immediately after and before the rocking impact. They are given by (i) the condition of non-penetration, (ii) the condition of rolling without slipping, and (iii) the conservation of angular momentum along the axis OW ± , where W ± is the impacting wheel, i.e. the future supporting wheel. We note (φ b ,ψ b ,θ b ) and (φ a ,ψ a ,θ a ) the angular velocities just before and after the impact, respectively. At the rocking impact, both wheels are on the belt (θ = ψ = 0) so that the two conditions (i) and (ii) are fulfilled by both wheels.
(i) The vertical, normal to ground velocity of the impacting wheel instantaneously falls to zero at the impact: dA 0 ± /dt(ψ = 0, θ = 0) = 0 (equation (3.14) ). It reads
where the sign ± depends on the impacting wheel (W + or W − ). (ii) The condition of rolling without slipping (equation (3.16)) reads
It does not depend on the actual impacting wheel because θ = ψ = 0. (iii) The impacting wheel remains on the floor and because the suitcase cannot slip, it can only rotate around the axis OW ± passing through the U-joint and the impacting wheel. At the impact, impulsive reaction forces apply on the suitcase either at the U-joint point O or at the position of the impacting wheel on the belt W ± . Therefore, no impulsive torque applies on the axis OW ± and the projection of the angular momentum along OW ± is conserved
where ρ = 1 and the sign ± depends on the impacting wheel (W + or W − ). This equation follows the description of the rocking motion of blocks made in [8, 9] . The coefficient ρ allows to include further ad hoc dissipation (when ρ < 1) at the rocking rebound.
The three angular velocities after the impact (φ a ,ψ a ,θ a ) are determined with this set of three equations (3.21)-(3.23). As is common for inelastic impacts, the energy is not conserved (even if ρ = 1). The vertical velocity of the supporting wheel before the impact has been zero up to the 
where the sign ∓ is − or + when the impacting wheel is W + or W − , respectively. Just before the impact, the supporting wheel also rolls without slipping, which imposes
Combining the equations (3.21)-(3.23) with ρ = 1, (3.24) and (3.25) giveṡ
Coefficients e θ , e ψ and e φ are different from classic restitution coefficients which are determined by the materials. e θ and e ψ are set only by the suitcase geometry as it has been previously found for the motion of rocking blocks [8, 9] . The dissipation increases (e θ and e ψ tend to zero) if masses are brought closer to the central axis or to the wheels, or, equivalently, if wheels are moved apart. In particular, if the positions of masses are inside the triangle W − OW + formed by the U-joint and the wheels, i.e. if h/H ≤ l/L, the suitcase cannot rock (e θ ≤ 0). The coefficient e φ directly follows from the condition of rolling without slipping. Depending on the sign of the velocity ratioθ b /φ b before the impact, e φ is smaller or bigger than one. Just before the rebound, the impacting wheel approaches the ground so thatψ b is positive. The sign ofθ b is negative (respectively positive) when the impacting wheel is W + (respectively W − ). The sign ofφ b at impact is less trivial and not intuitive. We point out that while the angle θ may be associated to the rocking angle η, the angle φ is very different from the shifting angle ν. However, we shall see that the rocking rebound is overall a source of dissipation.
(b) Numerical results and comparison to experiments
We have simulated the set of equations of motion (3.20) with rocking rebounds ruled by equations (3.21)-(3.23). The initial conditions copy those of experiments, i.e. we imposeθ(t = 0) =φ(0) = ψ(0) = 0, θ(0) = θ i and find the values φ i and ψ i that satisfy the constraint equations (3.13) and (3.16). Figure 10 shows the rocking angle η as a function of time for two values of the Froude number and different initial conditions. The geometric parameters are set to the values of the experimental set-up. Like in the experiments, depending on the initial perturbation and on the values of parameters, the amplitude of rocking oscillations either vanishes, grows until the suitcase overturns, increases or decreases towards a stable limit cycle. Figure 11 displays the paths the wheels follow in a stable limit cycle and their tracks on the ground. One observes that a wheel elevation goes along with a lateral shifting of the suitcase. x, y and z motions are phase-shifted and the rocking impact occurs while the suitcase is shifting back, i.e. after |y| has reached its maximum value, just like in the experiments. The coupling between the angular motions through the condition of rolling without slipping generates the rocking instability of a pulled suitcase. the instability is observed above a threshold value of the Froude number, i.e. the suitcase remains stable against perturbations if not pulled fast enough. The rest position, here depicted by the branch η 0 = 0, is a stable equilibrium. The instability appears to be subcritical whatever the Froude number. However, the diagram is somewhat different from the experimental one (figure 6). A first branch of unstable limit cycles marks off the frontier between the stable region of damped rocking oscillations (small Fr and η 0 ) and the unstable region of growing and sustained rocking oscillations (large Fr and η 0 ). At small Froude numbers above this branch, the instability grows until the suitcase overturns. For larger Froude numbers, the instability converges towards a stable limit cycle. The attractive branch of stable cycles arises from a saddle-node bifurcation point where it meets a second branch of unstable limit cycles. When the initial perturbation lies between the two branches of unstable limit cycles, the suitcase motion converges towards a stable limit cycle of steady oscillations. When the initial perturbation lies above the second, upper, branch of unstable limit cycles, the instability grows until the suitcase overturns. At large Froude numbers, the minimum amplitude of perturbations to observe the instability and the amplitude of stable limit cycles asymptotically decrease like Fr −2 .
For a smaller value of N h 1.21, the branch of unstable limit cycles marking the onset of instability has shifted to larger Froude numbers and larger amplitudes η 0 . This trend is consistent with what we observe in the experiments (figure 8). On the other hand, the branch of steady oscillations has shifted to smaller Froude numbers and smaller amplitudes η 0 , which is different from the experimental observations. For this value of N h , the branch of stable cycles and the first (lowest) branch of unstable cycles meet at a large Froude number. Surprisingly, for larger Froude numbers the suitcase is unstable for large perturbations only.
Further decreasing N h must zip these two branches, which moves the bifurcation point towards smaller Froude numbers. Indeed, for N h 1.14 we observe a unique branch of unstable limit cycles with the attractive branch of the rest position. The suitcase cannot rock anymore with stationary amplitudes. We anticipate that the remaining unstable region should shrink and eventually disappear when N h further decreases. Indeed, the restitution coefficient e θ (equation (3.26)) falls to zero for a finite value of N h (here for N h = 0.37). This explains the threshold value of N h to observe the instability in the experiments (figure 8).
(ii) Bifurcation diagrams with ρ < 1
The bifurcation diagram (figure 12) for N h 3.27 shares the same geometric parameters as the experimental results displayed in figure 6 . The two diagrams differ quantitatively and qualitatively. There are several design differences between the theoretical model and the experimental setup. In particular, the radius of wheels is zero in the model and the total mass of the suitcase is concentrated in the two mass points while the two masses include only 56% of the total mass of the toy suitcase in the experiment. However, the most notable difference is the energy dissipation at the rocking rebound. We measured in the experiment the ratio between the rocking velocities after and before rocking impacts on the belt at rest (V = 0) for different values of h ranging between 50 and 195 mm with α = 53 • and H = 85 mm. The measured ratio was systemically smaller than the one given by equation (3.26) by a factor of 0.75 ± 0.1. It is not surprising that a tangible physical suitcase with rubber tires dissipates more energy than an idealized system. Thus, we have run simulations in which the angular momentum along the axis OW ± is no more conserved. The right-hand side of equation (3.23) is multiplied by a damping factor ρ = 0.83. With this increased dissipation, the restitution coefficient in the simulations matches the average value measured in the experiment for this set of parameters when Fr = 0. Figure 13 compares the bifurcation diagrams as a function of the Froude number obtained in the experiment and in the model with this damping factor. The bifurcation diagram of the model then exhibits a unique saddle-node bifurcation. Like in the experiments, there is a unique Froude onset to observe the instability and stable limit cycles. While there are still some quantitative differences between the experiment and the model, the threshold value of the Froude number as well as the rocking amplitudes and frequencies are comparable. In the model, the rocking amplitude η t at the perturbation threshold and the rocking amplitude η s of stable cycles asymptotically decrease like Fr −2 . Meanwhile, the frequency of steady oscillations increases like Fr. These scaling laws are consistent with the experimental observations.
(iii) Energetic balance
The branches of the bifurcation diagrams correspond to motions for which the energy loss and gain balance. Here, we analyse the energetic balance as a function of the rocking amplitude η 0 and the Froude number, which sheds light on the behaviour of the rocking suitcase and on the bifurcations we observe. For a given set of control parameters, the rocking amplitude either decreases to zero or to a stationary value, or increases to a stationary value or until the suitcase overturns, depending on the initial conditions. The suitcase is initially tilted but static, and it takes a few transient periods before the dynamics does not explicitly depend on time. The path to reach the final state is then independent on the details of the initial condition. Thus, we can map the energetic balance as a function of the amplitude η 0 of oscillations. We measured the kinetic energy of the suitcase in the frame of reference R where the U-joint is fixed. This energy only includes the rotational motion of the suitcase around the U-joint. In particular, we measured the ratio Γ between the energy just after and before the rocking rebound and the ratio Λ between the energy just before the rocking rebound and just after the preceding rocking rebound.
We first focus on the case of ρ = 1. Figure 14a , b shows the energy ratio Γ at the rebound as a function of the rocking amplitude η 0 for different values of the Froude number when N h 1.14 ( Figure 14a) or N h 3.27 (figure 14b ). Starting from a value equal to e θ 2 (equation (3.26)), Γ first decreases, then increases as η 0 increases. In addition, for a given value of η 0 , Γ increases when the Froude number increases but remains smaller than one. Figure 14c , d shows the energy ratio Λ between two consecutive rebounds as a function of η 0 . The gain of energy between two consecutive rebounds is the work done (in R) by the constraint force that ensures the condition of rolling without slipping. Starting from one, Λ first rapidly increases with η 0 . The slope dΛ/dη 0 decreases, then increases with η 0 . For small Froude number, Λ always increases with η 0 . For larger Froude number, Λ exhibits a maximum followed by a minimum. The maximum is sharper when the Froude number is larger. Λ is always bigger than one. The constraint force always injects energy, but the gain may become incidental at large Froude numbers and rocking amplitudes. The product Γ Λ is the energetic balance over half a period. If it is bigger or smaller than one, the energy increases or decreases, respectively, and so does η 0 . Γ Λ equals one at the equilibrium when the work of the constraint force balances the loss at the rebound. The equilibrium is, respectively, stable or unstable if the derivative d(Γ Λ)/dη 0 is negative or positive at the equilibrium. Therefore, a saddle-node bifurcation corresponds to an extremum of the curve Γ Λ(η 0 ) crossing the value one. The branch of unstable limit cycles is above or below the branch of stable cycles (i.e. is observed for larger or smaller η 0 ) when the extremum is a minimum or a maximum, respectively.
When η 0 tends to zero so does the work done by the constraint force (Λ → 1) and ΛΓ , like Γ , tends to e 2 θ , which is smaller than one by definition. Thus, the rocking instability is inevitably subcritical over the entire range of parameters and the rest position is a stable equilibrium. For N h 1.21, Γ Λ starts from e 2 θ 0.69 when η 0 = 0, goes through a maximum then a minimum with η 0 (figure 14f ). For small Froude numbers, both the maximum and the minimum are larger than one. When the Froude number increases, both the maximum and the minimum decrease and shift towards smaller values of η 0 . Thus, when the Froude number increases, in addition to the unstable equilibrium, a stable equilibrium appears at a large η 0 (when the minimum crosses one) then disappears for a larger Fr and at a smaller η 0 (when the maximum crosses one). These correspond to the two saddle-node bifurcations observed in figure 12 .
For N h 3.27 (figure 15a), Γ Λ starts from e 2 θ 0.95 when η 0 = 0 and first crosses one for a decreasing value of η 0 when Fr increases (unstable equilibrium). As observed in figure 15a , the curve Γ Λ(η 0 ) shows a maximum followed by a minimum. Both the maximum and the minimum are larger than one for small Froude numbers. When the Froude number increases, the minimum decreases and shifts towards smaller values of η 0 (figure 15b). A stable equilibrium together with a second unstable equilibrium (saddle-node bifurcation) appears when the minimum crosses the value one. On another hand, the maximum increases and shifts towards smaller η 0 when the Froude number increases. The maximum remains bigger than one.
When ρ < 1, i.e. only a part ρ of the angular momentum along the axis OW ± (equation (3.23)) is conserved, the energy balance Γ Λ roughly decreases by a factor ρ 2 . The factor is not strictly ρ 2 because the angular momentum affected is different from the total angular momentum and because the constraint force depends on angular velocities. If ρ is close to one, one can still consider the same maps of energy balance but with an increased equilibrium value of 1/ρ 2 . As shown in figure 15c , the maximum of the curve Γ Λ(η 0 ) is smaller than the increased equilibrium value 1/ρ 2 for small Froude numbers. When the Froude number increases, the maximum increases and goes above the increased equilibrium value. Thus, we observe a unique saddle-node bifurcation in accordance with the experiments (figure 13).
Toy model
Here, we propose a simplified toy model in which we remove all nonlinearities in the equations of motion, and for which we derive a phenomenological friction force instead of strictly constraining wheels to roll without slipping. We keep the nonlinear discrete dissipation at the rebound. This toy model allows one to explain the scaling laws and helps one to understand the behaviour of the rocking suitcase like the possibility of stable limit cycles.
(a) Equations of motion
The original system is simplified to the two-dimensional rocking motion of the system sketched in figure 16 . A dumbbell M + M − with two masses M is attached to a massless dumbbell W + W − , which stands for the axis connecting the two wheels. Masses are h apart, wheels are l apart and the axis of masses is at the distance H above the axis of wheels. There is always one wheel on the floor. This floor is moving with a given accelerationŸ, which mimics the action of the moving belt on the suitcase grabbed at a fixed U-joint or, equivalently, of the static ground supporting the pulled suitcase. The equation of motion is
where ± sign is + or − when the supporting wheel is W + or W − , respectively.Ÿ corresponds to the acceleration in the horizontal plane (x,y), which is forced by the motion of the belt. It relates to the shifting angular acceleration around u z of the supporting wheelν, such thaẗ
where D = (L sin α) 2 + (l/2) 2 is the distance between the U-joint and the supporting wheel, projected on the (x, y) plane. We now derive a phenomenological expression forν. The constraint of rolling without slipping imposes that the axis of rotation of the supporting (rolling) wheel is orthogonal to the wheel velocity of the pulled suitcase, i.e. the velocity in the reference frame R b as defined in §3. When one pulls the suitcase (or when the belt is moving in the experiments, V > 0) but angular velocities of the suitcase are zero, the suitcase shifts sideways when lifting a wheel so that B = 0 (equation (3.17) ) and A 0 = 0 (equation (3.14) ). To the first order in η, the static condition of rolling without slipping is fulfilled when
where ν r is the shifting angle when the suitcase is in the rest position with cos ν r = L sin α/D and sin ν r = ±l/(2D). The sign is + or − if the supporting wheel is W + or W − , respectively. The linear coupling (4.3) is compared with the full expression for L/l = 3 and α = π/3 in figure 9 . While rocking, the suitcase shifts sideways and the condition depends on the actual speed of the wheel rolling on the fixed ground, as sketched in figure 16b . The velocity of the rolling wheel in the plane (x, y) (in the frame of reference R b ) makes an angle β with the x axis, such that
Therefore, to the first order in η, ν − ν r andν and provided that V is much larger than Dν, the condition of rolling without slipping reads
Like for a linear pendulum, the simplest expression forν is taking it proportional to the deviation from the equilibrium given by equation (4.5). When displaced from its equilibrium position, a gravity pendulum is forced to go back to the equilibrium by a constant restoring acceleration g, but the bob, connected to a fixed pivot by a rigid rod, is constrained to rotate around the pivot. Similarly, if one displaces the supporting wheel by an angle dν from the equilibrium position, it is forced to go back to the equilibrium by the belt motion, with a characteristic restoring velocity V along u x , but is constrained to rotate around the vertical z-axis that passes through the U-joint. Thus, the characteristic restoring acceleration reads −V 2 /D 2 , which gives
Normalizing the time by [l/(2g)] 1/2 and keeping only the first-order terms of angular positions and velocities, the coupled equations of motion read
when the wheel W ± is rolling on the ground, witḧ When the suitcase rocks from one wheel to the other in the two-dimensional case sketched in figure 16a , the angular momentum with respect to the impacting point is conserved [9] . This condition writes as an effective coefficient of restitution, e η , for the rocking velocityη
with ρ = 1. The rocking rebound does not modify the shifting velocityν because there is no strict constraint of rolling without slipping in this toy model. Just like e θ and e ψ (equations (3.26) and (3.27)), e η (equation (4.9)) depends on the geometry of the system. Here, the suitcase cannot rock from one wheel to the other if N H 2 + N h 2 − 1 ≤ 0, i.e. if the centre of mass is too low and/or the masses are too close to each other. Again, the coefficient ρ allows for further dissipation. η * is the only modified quantity at the rebound, when η = 0. Then, the motion description switches between the + and − signs in equation (4.7). One may ask how the linear equations (4.7) and (4.8) lead to a nonlinear behaviour of the dynamical system. The nonlinearity occurs at the impact. When the suitcase rocks from one wheel to the other, the rocking velocityη changes discretely and the equation of motion abruptly switches between the + and − expressions of equation (4.7). Such a discrete change is highly nonlinear, and we believe it is the most important source of nonlinearities in this dynamical system. Contrary to the experimental suitcase, this system cannot rock up to amplitudes, for which the mass axis is in a vertical plane (η = π/2 in this toy model). Whenν = 0, the suitcase overturns when η > 1/N H .
(b) Numerical results
We have simulated the equations of motion (4.7) and (4.8) with the 'restitution' coefficient e η (equation (4.9) ) at the rocking rebound. The initial conditions are generally chosen so as to reproduce the ones used in the experiments by imposing a starting value η i with ν i = η i / tan(α) andη i =ν i = 0. Such initial conditions correspond to a static suitcase and a zero coupling force. Like in the experiments and in the simulations of the model of §3, this toy model leads to undamped rocking oscillations and stable limit cycles for a range of values of parameters when the initial perturbation η i is larger than a critical value. This nonlinear behaviour is due only to the nonlinearity of the rocking rebound, which causes the discrete change of the equation of motion and of the rocking velocityη. The rocking instability is subcritical, which is due to the damping (equation (4.9) ) that occurs at the rocking rebound.
We studied the behaviour of the toy model when varying one control parameter at a time: amplitudes. Whatever the control parameter, we observe a saddle-node bifurcation (figures 17 and 18). Beyond a critical value of the control parameter, the suitcase is unstable when perturbed enough and the motion converges towards a stable limit cycle, at least in the vicinity of the bifurcation point.
(i) Away from the bifurcation, both rocking amplitudes η t of unstable limit cycles and apart. This observation agrees with the experimental results shown in figure 8a. η t and η s asymptotically scale like N h −2 and the frequencies f s * of steady oscillations and f p * at the perturbation threshold converge to constant values. When N h increases, the restitution coefficient e η increases (equation (4.9)), which is destabilizing, but the moment of inertia increases concurrently (prefactor ofη, equation (4.7)), which is stabilizing. If ρ is equal to one, the restitution coefficient tends to one when N h increases, which is unrealistic for a tangible physical system. We have run simulations with ρ = 0.98, so that the damping at the rebound does not converge to zero but remains finite. Under such a condition, the inertia gains the upper hand and the suitcase remains stable against any perturbation for large N h . The branches of unstable and stable limit cycles join back in a second saddle-node bifurcation.
(c) Scaling laws
The bifurcation diagrams display asymptotic scaling laws for limit cycles. Most of these asymptotic behaviours can be analytically recovered by writing an energetic balance. Limit cycles correspond to equilibria between the input of energy through the work done by the coupling force and the dissipation at the rocking rebound
where C η is the path of η between two rocking rebounds andη b * andη a * are the rocking velocities just before and just after the rocking rebound, respectively. For the motion of ν, the energy is conserved at the equilibrium such that
where C ν is the path of ν between two rocking rebounds. There is an input of energy into the system because η and ν are out of phase. Equation (4.8) of motion of ν is analogous to the equation of motion of a damped harmonic oscillator driven by the periodic motion of η. Approximating η by the harmonic function η ∼ η 0 sin(ωt * ), the steady-state solution reads
where
It is the part ofν in phase quadrature with η that does work between two consecutive rocking rebounds so that
(4.14)
When the coefficient of restitution e η (equation (4.9)) is close to one, the damping at the rocking rebound is weak and so is the work done by the coupling force at the equilibrium. Therefore, although the coupling force generates the instability, it plays a minor role in the equation of the rocking motion at the equilibrium. For small rocking amplitudes such that N H η 1, the equation of motion (4.7) along η reduces toη * = ±1/(1 + N 2 h + N 2 H ). The motion between two successive rocking impacts is similar to a ballistic flight. During a period, the suitcase covers four times the rocking amplitude η 0 , so that the rocking amplitude and frequency are simply related to each other 
This is shown in figure 19 for all the simulations at the perturbation threshold (η 0 = η t ) and for stable limit cycles (η 0 = η s ). Consistently with a free fall motion, the rocking velocity at the impact scales like 2η 0 /(1 + N h 2 + N H 2 ). Because we put the assumption of a weak dissipation, this scaling could either be applied to the rocking velocity just before the impactη b * , just after the impactη a * or to a combination of these two velocities. We chose to apply the scaling to the velocity after the impact so that the energy balance is not possible in the limit of a zero restitution coefficient. Thenη The rocking frequency f * is the driving frequency in equation (4.14) where ω = 2π f * . Combining equations (4.14) and (4.10) with the scalings (4.15) and (4.16) gives the expression of the rocking angular frequency ω at the equilibrium
where γ and ω 0 are the functions (4.13) of control parameters and where the restitution coefficient e η is given by equation (4.9). When ρ = 1, the equilibrium (4.17) reads
For a given set of control parameters, two different angular frequencies ω can be the solution of the equilibrium (4.17). This is shown in figure 20 for the usual set of parameters. The two solutions stand on each side of the resonance peak. The largest solution of ω (respectively smallest solution of η 0 ) corresponds to an unstable equilibrium while the smallest one (respectively largest solution of η 0 ) corresponds to a stable equilibrium. At the onset of instability, i.e. at the bifurcation point, these two solutions meet at the resonance frequency. The solutions of equation (4.17 • , N h = 4 and ρ = 1. The black curve represents the gain of energy while the red line represents the loss of energy. Equilibria correspond to the intersection points. When the gain is larger, resp. smaller, than the loss the amplitude of oscillations η 0 increases, resp. decreases, and the angular frequency ω decreases, resp. increases. Therefore, the intersection point on the right side (large ω), resp. on the left side (small ω), corresponds to an unstable equilibrium, resp. to a stable equilibrium. (Online version in colour.)
results. In particular, it quantitatively predicts most of the asymptotic behaviours. The two branches of unstable and stable limit cycles are observed when the Froude number or N h tend to infinity. When the Froude number increases to infinity, the frequencies scale like Fr, the rocking amplitude η 0 and the shifting amplitude ν 0 scale like Fr −2 . As N h tends to infinity with ρ = 1, the frequencies of limit cycles converge to values that are independent of N h , the rocking amplitudes η 0 and the shifting amplitudes ν 0 scale like N h −2 . The energetic balance (4.17) also predicts an unstable equilibrium when N H tends to infinity with ρ = 1. The frequency of oscillations f * p at the perturbation threshold scales like N H 1/3 , the rocking amplitude η t scales like N H −8/3 and the shifting amplitude ν p scales like N H −10/3 . On the other hand, the asymptotic behaviour in the toy model does not correspond to the energetic balance (4.17) when α tends to zero. However, when α tends to zero the amplitude of the forcing (A) diverges while the damping (γ ) vanishes in equation (4.8) of the shifting motion. The resonant peak becomes so sharp and the bandwidth so narrow (equation (4.12) ) that the threshold value η t measured in the simulations depends on the actual initial values ν ,η andν . It is worth noting that stable limit cycles cannot be observed without the damping term in equation (4.8) of the shifting motion. This term, proportional to the angular shifting velocity, directly comes from the coupling between the translation and the rotation. The possibility of stable cycles is thus due to the non-holonomic character of the constraint of rolling without slipping.
Conclusion
The rocking motion of a two-wheel suitcase is an instability. This is driven by the dynamical coupling between the two angular degrees of freedom of the suitcase, which is generated by the translational motion via the condition of rolling without slipping. It is because the system is constrained to go straight that it moves sideways. Other systems show a similar behaviour. For example, a liquid rivulet flowing down an incline meanders because of the lateral friction [11] . In these examples, the motion constraint prevents the system to relax a perturbation, which gives birth to the instability. In continuous media, the instability often comes up in the form of a wave. To determine the onset of instability, one has to compare the characteristic velocity of the system with the velocity of propagating waves, which is the 'relaxation' speed. In the particular case of a hydraulic jump (shockwave), the onset of instability depends on a Froude number, which is the ratio between the flow velocity and the phase velocity of surface gravity waves.
When the suitcase is unstable, the rocking oscillations grow until the suitcase overturns or reaches a stable limit cycle because when the rocking amplitude increases, the input of energy, i.e. the work done by the coupling force, decreases. This is shown by the theoretical maps of energy balance and understood in the asymptotic limit of vanishing oscillations with the linearized minimal model. Equations of motion of the minimal toy model are linear but still enable the observation of the instability. This is because the principal nonlinearity of the system lies in the discrete loss of energy and the abrupt switch from one equation of motion to another at the rocking rebound.
Whatever the values of parameters, one always has to perturb the suitcase with a finite amplitude to observe non-damped oscillations both in the experiments and in the simulations. The system in the rest state is always linearly stable because of the finite dissipation encountered upon permuting the supporting wheel. This property is reminiscent of the famous flow transition to turbulence in a pipe. A finite perturbation is required to trigger the turbulence whatever the value of the Reynolds (forcing) number [12] . The subcritical instabilities are known to be dangerous because when the background noise exceeds the amplitude threshold, the system suddenly destabilizes. When the amplitude threshold decreases with the change of the control parameter, the amplitude of the instability generally increases. This is the case for the turbulence in a pipe, which develops to larger amplitudes when increasing the flow rate. In our system, except in the vicinity of the bifurcation point, the amplitude of stable limit cycles decreases together with the amplitude at the perturbation threshold when the Froude number increases. This is linked to the fact that our system has two degrees of freedom, each one being associated to a different characteristic 'relaxation' velocity determined by the two restoring mechanisms: the gravity for the rocking oscillations and the imposed translation for the shifting oscillations. Therefore, when the pulling speed increases both the forcing and the relaxation velocities increase, which explains that the amplitude of stable limit cycles decreases together with the amplitude at the perturbation threshold when the pulling velocity increases. Thus, one should rather accelerate than decelerate to attenuate the amplitude of oscillations. A non-experienced suitcase puller would not react this way. The outcome should not be dramatic for a suitcase, but it could be troublesome for a trailer towed by a vehicle.
One of the central issue of the present paper is the coupling between the translation and the rotation. The kinematic origin of this coupling comes from the fact that the orthogonal projection onto the ground of the axis of rotation of the suitcase is not parallel with the average direction of
